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Bridging the second law of thermodynamics and microscopic reversible dynamics has been a
longstanding problem in statistical physics. Here, we address this problem on the basis of quantum
many-body physics, and discuss how the entropy production saturates in isolated quantum systems
under unitary dynamics. First, we rigorously prove that the entropy production does indeed saturate
in the long time regime, even when the total system is in a pure state. Second, we discuss the non-
negativity of the entropy production at saturation, implying the second law of thermodynamics. This
is based on the eigenstate thermalization hypothesis (ETH), which states that even a single energy
eigenstate is thermal. We also numerically demonstrate that the entropy production saturates at
a non-negative value even when the initial state of a heat bath is a single energy eigenstate. Our
results reveal fundamental properties of the entropy production in isolated quantum systems at late
times.
PACS numbers: 05.30.d,03.65.w,05.70.a,05.70.Ln
I. INTRODUCTION
In the mid-nineteenth century, Rudolf Clausius in-
troduced entropy as a measure of thermodynamic irre-
versibility, by arguing that, while the energy of the uni-
verse is constant, the entropy of the universe tends to a
maximum [1]. Ever since, understanding inevitable irre-
versibility in the macroscopic world is one of the most
fundamental problems in statistical physics. Especially,
in light of the fact that isolated quantum systems have
reversible dynamics, it has not been clear whether such
a behavior of the entropy production is consistent with
quantum theory.
From the modern point of view, thermalization of iso-
lated quantum systems has been of much interest in light
of state-of-the-art technologies such as ultracold atoms
[2–7], trapped ions [8], and superconducting qubits [9].
For example, it has been established that even a pure
quantum state in an isolated system exhibits relaxation
toward thermal equilibrium by unitary dynamics [10–
24]. Several key theoretical ideas have been developed
to understand such relaxation processes. It has been rig-
orously proved that an overwhelming majority of pure
states in the Hilbert space describe thermal equilibrium,
which is referred to as typicality [25–28]. The eigen-
state thermalization hypothesis (ETH) is another corner-
stone to understand thermalization [11, 13, 29–36], which
states that all the energy eigenstates in an energy shell
are thermal. The ETH (or the strong ETH) is believed to
be true for non-integrable systems without disorder. We
note that there is a weaker version of the ETH (the weak
ETH) [33], which states that most of the energy eigen-
state are thermal. The weak ETH is rigorously proved
for both integrable and non-integrable systems without
disorder [37, 38].
On the other hand, research into the second law, such
as the fluctuation theorem [39–48] and thermodynamic
resource theories [49, 50], is based on a special assump-
tion that the initial state of a heat bath is the canonical
ensemble. This assumption is very strong, given that a
thermal equilibrium state can even be a pure quantum
state. If we do not assume the initial canonical distribu-
tion, the non-negativity of the entropy production cannot
be proved by the conventional arguments, i.e., the fluc-
tuation theorem or the positivity of relative entropy [46].
In this sense, except for only a few seminal works [51–
53], the foundation of the second law in isolated quantum
systems has not been fully addressed.
In this paper, we rigorously prove that the entropy pro-
duction saturates at some value in the long time regime,
for a broad class of initial states including pure states.
We note that the entropy production, the sum of the
change in von Neumann entropy of a subsystem and the
heat absorbed from a heat bath, can change in time,
though the von Neumann entropy of the total system
is invariant under unitary dynamics [54]. In general, the
saturation value of the entropy production depends on
both the initial state and the Hamiltonian, and could be
negative. We then prove that the saturation value is non-
negative if the system satisfies the strong ETH, which
leads to the second law of thermodynamics in the long
time regime. Our results provide a quantum foundation
to observation by Clausius.
We note that in our previous work [38], we have proved
the second law for pure quantum states in the short time
regime, on the basis of the Lieb-Robinson bound [55–
57]. However, the previous result cannot apply to the
long time regime. In the present work, we have adopted
a completely different technique from the Lieb-Robinson
bound, and have proved the second law in the long time
regime (see Fig. 1).
The rest of this paper is organized as follows. In Sec. II,
we formulate our setup and make a brief review on equi-
libration in isolated quantum systems. In Sec. III, we
prove the main theorem, which states that the entropy
production takes a constant value for most times. In
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FIG. 1. (color online) Schematic of a time evolution of the
entropy production. Starting from a non-equilibrium initial
state, the entropy production increases, and then saturates
at some value 〈σ∞〉. The long time behavior is the main
focus of the present work, while the short time behavior can
be explained by our previous work [38] based on the Lieb-
Robinson bound.
Sec. IV, we derive a lower bound of the saturation value
of the entropy production. We also show that the sat-
uration value is non-negative if the system satisfies the
ETH. In Sec. V, we confirm our theory by numerical sim-
ulation of hard-core bosons. In Sec. VI, we summarize
our results. In Appendix A, we make a remark on the
effective dimension.
II. SETUP AND NOTATION
We consider a quantum many-body system described
by a finite-dimensional Hilbert space. The total system is
divided into two parts, a small system S and a large heat
bath B. Their Hilbert space dimensions are denoted by
DS and DB, respectively. The total Hamiltonian is given
by
H = HS +HB +HI, (1)
where HS is the Hamiltonian of system S, HB is the
Hamiltonian of bath B, and HI is the interaction between
system S and bath B. We write the spectrum decompo-
sition of H as
H =
∑
j
EjPj , (2)
where Ej is an eigen-energy (Ei 6= Ej for i 6= j), and
Pj is the projector onto the eigenspace of H with energy
eigenvalue Ej .
We assume that the initial correlation between system
S and bath B is zero. The initial density operator of the
total system is then given by
ρ(0) = ρS(0)⊗ ρB(0), (3)
where ρS(0) and ρB(0) are respectively the initial density
operators of system S and bath B. We do not assume
that ρB(0) is the canonical ensemble.
System S
Bath B
FIG. 2. (color online) Schematic of our setup. The total
system consists of system S and bath B.
The total system obeys the unitary time evolution gen-
erated by the total Hamiltonian H . The state at time t is
written by ρ(t) = e−iHtρ(0)eiHt. Note that we set ~ = 1.
We also write the time-averaged state by
ω := lim
τ→∞
1
τ
∫ τ
0
ρ(t)dt, (4)
which is called the diagonal ensemble. Because of the
recurrence property of the unitary evolution, an isolated
quantum system cannot converge to an exact stationary
state. However, a system can relax to an effective sta-
tionary state most of the time between recurrences. In
fact, it has been proved in Refs. [15, 58] that for any
operator O, and for any ǫ > 0,
lim
τ→∞
Probt∈[0,τ ] [|Tr[Oρ(t)] − Tr[Oω]| ≥ ǫ ‖O‖] ≤
DG
ǫ2Deff
.
(5)
Here, Probt∈[0,τ ] is the uniform measure over t ∈ [0, τ ],
and ‖O‖ is the operator norm of O. DG is the de-
generacy of the most degenerate energy gap, which is
given by DG := maxj 6=k
∣∣{(l,m) : G(l,m) = G(j,k)}∣∣ with
G(j,k) := Ej − Ek. If the total Hamiltonian H has no
degenerate energy gap, DG = 1. Deff is the effective
dimension of the initial state ρ(0), which is defined as
Deff := 1/
∑
j(Tr[Pjρ(0)])
2. If the Hamiltonian has no
degeneracy, the effective dimension is equal to the inverse
of the purity of the diagonal ensemble, i.e., 1/Tr[ω2]. In-
equality (5) means that observables equilibrate to their
diagonal ensemble averages if Deff is sufficiently large.
To quantify the distance between two density
operators, we use the trace distance D(ρ, τ) :=
1
2Tr[
√
(ρ− τ)2]. When it is small, we hardly distinguish
two states. We also use the local distance DS(ρ, τ) :=
D(ρS, τS), where we write ρS := TrB[ρ] for the re-
duced density operator. We regard that system S equili-
brates to the diagonal ensemble when the local distance
DS(ρ(t), ω) is small most of the time. It has been shown
in Refs. [15, 58] that for any positive number ǫ > 0,
lim
τ→∞
Probt∈[0,τ ] [DS(ρ(t), ω) ≥ ǫ] ≤
1
2
√
D2SDG
ǫ2Deff
. (6)
3This inequality implies that system S equilibrates to the
diagonal ensemble if Deff is sufficiently large compared
to the Hilbert space dimension of system S.
The effective dimensionDeff of the initial product state
ρ(0) is bounded from below by the purity of the initial
state of bath B:
Deff ≥
1
DETr[ρB(0)2]
, (7)
where DE is the maximum energy degeneracy of the to-
tal Hamiltonian H . The proof of inequality (7) is the
following. We denote by Kj an orthonormal basis of the
degenerate eigenspace of energy Ej . Then, we have
1
Deff
=
∑
j
(Tr[PjρS(0)⊗ ρB(0)])
2 (8)
=
∑
j

 ∑
|Ek〉∈Kj
〈Ek|ρS(0)⊗ ρB(0)|Ek〉


2
(9)
≤
∑
j
|Kj|
∑
|Ek〉∈Kj
〈Ek|ρS(0)⊗ ρB(0)|Ek〉
2 (10)
≤ DE
∑
j
∑
|Ek〉∈Kj
〈Ek|ρS(0)⊗ ρB(0)|Ek〉
2 (11)
≤ DETr[(ρS(0)⊗ ρB(0))
2] (12)
≤ DETr[ρB(0)
2], (13)
where we used Tr[ρS(0)
2] ≤ 1 to obtain the last line.
When the initial state of bath B is the microcanon-
ical ensemble ρmcB := P
mc
B /Tr[P
mc
B ], where P
mc
B is the
projector onto the Hilbert space of the energy shell
MU,∆ = {E
B
j :
∣∣EBj − U ∣∣ ≤ ∆} with ∆ > 0 (see
Sec. IVB for more details), or the canonical ensemble
ρcanB := e
−βHB/Tr[e−βHB ], then the purity Tr[ρB(0)
2]
is exponentially small in the size of bath B (see Ap-
pendix A). Thus Deff is exponentially large in the size
of bath B. Furthermore, when the initial state of bath
B is randomly taken from the Hilbert space of the en-
ergy shell according to the Haar measure, Deff typically
becomes exponentially large in the size of bath B (see
again Appendix A). Therefore, system S equilibrates to
the diagonal ensemble if the initial state of bath B is the
microcanonical ensemble, the canonical ensemble, or a
typical pure state, given that bath B is sufficiently large.
Finally, we define the entropy production from time 0
to t by
〈σ(t)〉 = ∆SS(t)− βQ(t), (14)
where ∆SS(t) := SS(t) − SS(0) is the change in the von
Neumann entropy of system S with SS(t) := S(ρS(t)) =
−TrS[ρS(t) log ρS(t)], and Q(t) := −TrB[HB(ρB(t) −
ρB(0)] is the heat absorbed by system S. If the initial
state of bath B is the canonical ensemble ρB(0) = ρ
can
B ,
the entropy production 〈σ(t)〉 is always non-negative:
〈σ(t)〉 ≥ 0 [46], which is an expression of the second
law of thermodynamics. This inequality results from the
non-negativity of the quantum relative entropy. When
the initial state of bath B is not the canonical ensem-
ble, the entropy production 〈σ(t)〉 is not necessarily non-
negative. In this paper, we discuss the behavior of the
entropy production and the validity of the second law for
general initial states.
III. SATURATION OF THE ENTROPY
PRODUCTION
In this section, we discuss our main topic: saturation of
the entropy production under reversible unitary dynam-
ics. In Sec. II, we discussed that system S equilibrates
to the diagonal ensemble if the effective dimension is suf-
ficiently large, i.e., inequalities (5) and (6). However,
the entropy production cannot be described as the ex-
pectation value of any instantaneous observable. There-
fore, we cannot directly apply the argument in Sec. II
to the entropy production. Instead, we evaluate the dif-
ference between the entropy production at time t and
the saturated entropy production 〈σ∞〉 by using inequal-
ities (5) and (6).
We now formulate our theorem rigorously. We assume
that the initial state of the total system is given by a
product state (3). The saturated entropy production
〈σ∞〉 is defined as
〈σ∞〉 := S(ωS)− S(ρS(0))− βTr[HB(ρ(0)− ω)], (15)
where ω is defined in Eq. (4), and ωS := TrB[ω]. If the
difference |〈σ(t)〉 − 〈σ∞〉| is small most of the time, the
entropy production saturates at 〈σ∞〉. In fact, we show
the following theorem.
Theorem 1 (Saturation of the entropy production). For
any 0 < ǫ < 1/2,
lim
τ→∞
Probt∈[0,τ ]
[
|〈σ(t)〉 − 〈σ∞〉|
≤ ǫ log(DS − 1) +H2(ǫ) + ǫβ ‖HS +HI‖
]
≥ 1−
1
2
√
D2SDG
ǫ2Deff
−
DG
ǫ2Deff
, (16)
where H2(x) := −x log x− (1− x) log(1− x).
Proof. From the definitions of 〈σ(t)〉 and 〈σ∞〉, we have
|〈σ(t)〉 − 〈σ∞〉|
≤ |S(ρS(t)) − S(ωS)|+ β |Tr (HBρ(t)− ω)| . (17)
By applying the Fannes-Audenaert inequality [59], the
first term on the right-hand side is bounded by
|S(ρS(t))− S(ωS)|
≤ DS(ρ(t), ω) log(DS − 1) +H2(DS(ρ(t), ω)). (18)
Using inequality (6), we evaluate DS(ρ(t), ω), and then
we have for any 0 < ǫ < 1/2,
4lim
τ→∞
Probt∈[0,τ ] [|S(ρS(t))− S(ωS)| ≤ ǫ log(DS − 1) +H2(ǫ)] ≥ 1−
1
2
√
D2SDG
ǫ2Deff
. (19)
Since the expectation value of the total Hamiltonian H
is the same for both the state ρ(t) and the diagonal en-
semble ω, we have
Tr (HB(ρ(t) − ω)) = −Tr [(HS +HI)(ρ(t) − ω)] . (20)
By using inequality (5), we have for any 0 < ǫ < 1/2,
lim
τ→∞
Probt∈[0,τ ] [β |Tr (HB(ρ(t) − ω))| ≤ ǫβ ‖HS +HI‖]
≥ 1−
DG
ǫ2Deff
. (21)
By combining inequality (19) with (21), we finally obtain
inequality (16).
We have made no assumption on the initial state of
bath B; Theorem 1 is applicable not only to the canoni-
cal ensemble, but also to an arbitrary initial state. From
Theorem 1 we find that a sufficient condition of the sat-
uration is just the large effective dimension of the initial
state. As we remarked in Sec. II, the effective dimen-
sion is exponentially large with the size of bath B, when
the initial state of bath B is the microcanonical ensem-
ble, the canonical ensemble, or a typical quantum state.
From Theorem 1, the entropy production saturates at
〈σ∞〉 for these cases.
We remark that the time scale, which makes the long
time limit in Theorem 1 meaningful, is expected to be
doubly exponentially large with respect to the size of
the total system for non-integrable systems. This is
much longer than the time scale determined by the Lieb-
Robinson bound. However, it has been observed numer-
ically and analytically that the informational quantities,
such as the entanglement entropy, ballistically spread and
saturate at around the Lieb-Robinson time for both of in-
tegrable and non-integrable systems [60–63]. As a result,
the entropy production, defined with the von Neumann
entropy, is expected to relax to the long-time average
at around the Lieb-Robinson time, as numerically ob-
served in Ref. [38] and also in Sec. V. Therefore, we ex-
pect that in practical situations, there is no intermediate
time regime between the saturation of the entropy pro-
duction and the Lieb-Robinson time. However, for the
moment, it seems to be formidably difficult to prove it
rigorously for general situations.
As mentioned before, it has been shown that the en-
tropy production is always non-negative when the initial
state of bath B is the canonical ensemble [46]. In this
case, the entropy production increases and saturates at a
non-negative value, which is consistent with the second
law of thermodynamics.
On the other hand, the saturation value 〈σ∞〉 is not
necessarily non-negative for a general initial state. In
fact, 〈σ∞〉 is determined by the diagonal ensemble ω,
which in general depends on the details of the initial
state. For this reason, it is difficult to prove the non-
negativity of 〈σ∞〉 for completely general situations.
If the total system satisfies the strong ETH, ωS does
not depend on the details of the initial state, but only
depends on the initial average energy. We note that the
strong ETH is believed to be true for non-integrable sys-
tems [13, 33–36] (see also [24] for definitions of integra-
bility in quantum systems). In such a case, the diagonal
ensemble ωS of a general initial state is the same as that of
the initial canonical ensemble, and therefore 〈σ∞〉 takes
the same value as the canonical case, where 〈σ∞〉 is non-
negative. This is the scenario that we will prove in the
next section by assuming the strong ETH.
IV. NON-NEGATIVITY OF THE SATURATED
ENTROPY PRODUCTION
We now discuss the non-negativity of the saturated
entropy 〈σ∞〉. Specifically, we utilize the ETH [11, 13,
29–36], which is sufficient to show the non-negativity of
〈σ∞〉.
In Sec. IVA, we prove a general lower bound of 〈σ∞〉
without using the ETH. Then, in Sec. IVB, we show
that the lower bound approaches to zero in the large bath
limit, if the system satisfies the strong ETH. In Sec. IVC,
we discuss consequences of the weak ETH.
A. Lower bound of the saturation value
First, we derive a lower bound of the saturated entropy
production by comparing the saturation value for a gen-
eral initial state of the bath, ρB(0), with that for the
canonical initial state, ρcanB . For this purpose, we choose
the canonical ensemble ρcanB such that TrB[HBρ
can
B ] =
TrB[HBρB(0)] for a given ρB(0). We denote the diago-
nal ensemble of ρS(0)⊗ ρ
can
B by ω
can, and the local trace
distance between ω and ωcan by δeq := DS(ω, ω
can).
Let us first remark on a special case where the devi-
ation vanishes as δeq → 0 in the thermodynamic limit,
and the interaction energy is negligible. In such a case,
the system equilibrates to the same state as the case that
the bath is initially in the canonical ensemble ρcanB . In
this case, the saturation value of the entropy production
for a general initial state takes the same value as the
canonical initial state, and therefore it is non-negative.
5In Sec. IVB, we will show that the deviation indeed van-
ishes, δeq → 0, when the strong ETH holds for the total
system.
For general quantum systems, the deviation does not
necessarily vanish even in the thermodynamic limit. By
keeping δeq finite, and also by taking the interaction
energy into consideration, we have the following lower
bound of 〈σ∞〉.
Theorem 2 (A lower bound of the saturation value).
The saturated entropy production 〈σ∞〉 satisfies
〈σ∞〉 ≥ −δEP. (22)
Here, we defined the error term δEP as
δEP := δeq log(DS − 1) +H2(δeq) + 2δeqβ ‖HS‖+ βδEI,
(23)
where δEI is the change in the interaction energy defined
as
δEI : = |Tr [HI(ρS(0)⊗ ρB(0)− ω)]
−Tr [HI(ρS(0)⊗ ρ
can
B − ω
can)]| . (24)
Proof. The entropy production with the initial canonical
state ρS(0)⊗ρ
can
B , corresponding to the diagonal ensemble
ωcan, is given by
〈σcan∞ 〉 := S(ω
can
S )− S(ρS(0))− βTr [HB(ρ
can
B − ω
can)] .
(25)
The deviation between 〈σ∞〉 and 〈σ
can
∞ 〉 is
〈σ∞〉 − 〈σ
can
∞ 〉
= S(ωS)− S(ω
can
S )
+ β (Tr [HB(ωB − ρB(0))]− Tr [HB(ω
can
B − ρ
can
B )]) .
(26)
By applying the Fannes-Audenaert inequality, the differ-
ence of the von Neumann entropies on the right-hand side
of Eq. (26) is evaluated as
|S(ωS)− S(ω
can
S )| ≤ δeq log(DS − 1) +H2(δeq). (27)
The total average energy is the same for both the initial
state and the diagonal ensemble. Therefore, we have
Tr [HB(ω − ρS(0)⊗ ρB(0))]
= −Tr [(HS +HI)(ω − ρS(0)⊗ ρB(0))] , (28)
Tr [HB(ω
can − ρS(0)⊗ ρ
can
B )]
= −Tr [(HS +HI)(ω
can − ρS(0)⊗ ρ
can
B )] . (29)
From inequalities (28) and (29), we can evaluate
Tr [HB(ω − ω
can)] as
|Tr [HB(ω − ω
can)]| ≤ 2 ‖HS‖ δeq + δEI. (30)
From inequalities (30) and (27), we have
|〈σ∞〉 − 〈σ
can
∞ 〉|
≤ δeq log(DS − 1) +H2(δeq) + 2β ‖HS‖ δeq + βδEI.
(31)
By combining inequality (31) and 〈σcan∞ 〉 ≥ 0, we prove
the theorem.
The first three terms on the right-hand side of Eq. (23)
vanishes in the limit of δeq → 0. The last term on the
right-hand side of Eq. (23) vanishes (i.e., δEI = 0) if
[HS +HB, HI] = 0, (32)
which means that the sum of the energies of system S
and bath B is a conserved quantity, and the interaction
energy does not change during the dynamics. The same
condition as Eq. (32) is also assumed in the thermody-
namic resource theory [49, 50].
We note that Eq. (32) does not necessary imply that
the interaction itself is weak. For example, the Jaynes-
Cummings model with the resonance condition satisfies
Eq. (32) even when the interaction is strong [64]. Al-
though a general quantum system does not necessarily
satisfy the condition (32), we have numerically shown
that the contribution from δEI is negligibly small in some
non-integrable models (see Sec. V and Ref. [38]). In gen-
eral, however, it is still unclear under what condition the
interaction term δEI is negligible without weak coupling
limit, which is a future issue.
B. Non-negativity from the strong ETH
We next discuss the initial state independence (i.e.,
δeq → 0) on the basis of the strong ETH, which states
that every energy eigenstate represents thermal equilib-
rium. There has not yet been a mathematical proof of
the strong ETH, while it has been confirmed by a lot of
numerical experiments [13, 33–36]. In this section, we
just assume the strong ETH as a starting point of our
argument.
To state the strong ETH rigorously, we focus on the
situation that the total system has the well-defined ther-
modynamic limit, when only bath B becomes large and
system S is kept small. Let N be the total system size
(i.e., the number of lattice sites or particles). For sim-
plicity, we also assume that Hamiltonian H has no de-
generacy (i.e., DE = 1).
The energy shell with energy density u and width ∆
is defined as the following set of indexes of energy eigen-
values of the total Hamiltonian H :
MuN,∆ := {j : |Ej − uN | ≤ ∆}. (33)
Here, ∆ > 0 can be arbitrary taken within the or-
der of ∆ = O(Nα) with 0 ≤ α < 1. The micro-
canonical ensemble of the energy shell MuN,∆ is denoted
by ρmc. We note that in rigorous statistical mechan-
ics [65], the energy shell is defined as M ′U ′,∆′ := {j :
U ′ − ∆′ ≤ Ej ≤ U
′}, where limN→∞ U
′/N exists and
is finite, and ∆′ = O(Nα
′
) with 0 ≤ α′ ≤ 1. With
this definition, many of the fundamental properties in
standard statistical mechanics, such as Boltzmann’s for-
mula and the equivalence of ensembles, have been rigor-
ously proved [65, 66]. Our definition of the energy shell
(33) is regarded as a special case of the above standard
6definition, by taking U ′ = uN + ∆ and ∆′ = 2∆ (i.e.,
MuN,∆ =M
′
uN+∆,2∆).
In the present context, the strong ETH of the total
system is defined as follows.
Assumption 1 (Strong ETH). We say that the total
system satisfies the strong ETH, if for any ǫ > 0,
DS(|Ej〉〈Ej |, ρ
mc) < ǫ for any j ∈MuN,∆ (34)
holds for sufficiently large N .
From the non-degeneracy of the energy eigenvalues, the
diagonal ensemble can be represented as
ω =
∑
j
|Ej〉〈Ej |ρS(0)⊗ ρB(0)|Ej〉〈Ej |. (35)
As shown below, by using the strong ETH, we can show
the initial state independence of δeq → 0 in the ther-
modynamic limit. To apply the strong ETH, we need
to make an additional assumption on the initial energy
distribution.
Assumption 2 (Energy distribution of the initial state).
Let Pout be the projection operator onto the subspace cor-
responding to the outside of the energy shell: Pout :=∑
j 6∈MuN,∆
|Ej〉〈Ej |. We assume that for any ǫ > 0,
Tr[PoutρS(0)⊗ ρB(0)] < ǫ (36)
holds for sufficiently large N .
This assumption implies that the energy distribution of
the initial state is narrow and centered around uN . This
is a reasonable assumption if we take the width of the
energy shell within the order of ∆ = O(Nα) with 1/2 <
α < 1. In fact, for the case of the canonical ensemble,
the standard deviation of the energy distribution is the
order of O(N1/2) [66].
If the energies of the system and the interaction are
small enough than the energy of the bath, the energy
distribution of the total initial state is similar to that of
the bath. We can thus expect that Assumption 2 would
hold when the bath is initially in the microcanonical en-
semble, the canonical ensemble, or a pure state in the
energy shell.
We now evaluate the local trace distance between ω
and ρmc:
Lemma 1 (Initial state independence from the strong
ETH). Under Assumptions 1 and 2, for any ǫ > 0,
DS(ω, ρ
mc) < ǫ (37)
holds for sufficiently large N .
Proof. From the triangle inequality, we find
DS(ω, ρ
mc) ≤ DS(ω, ω˜) +DS(ω˜, ρ
mc), (38)
where we defined the diagonal ensemble projected onto
the energy shell by ω˜ := (1 − Pout)ω(1 − Pout)/Tr[(1 −
Pout)ω]. From Assumption 1, for any ǫ > 0,
DS(ω˜, ρ
mc) <
ǫ
2
(39)
holds for sufficiently large N . On the other hand, from
Assumption 2, for any ǫ > 0,
DS(ω, ω˜) <
ǫ
2
(40)
holds for sufficiently large N . By summing up these two
terms, we obtain Eq. (37).
This result means that the system reaches an equi-
librium state independent of the initial state, if Assump-
tions 1 and 2 are satisfied. Then, by combining Lemma 1
with Theorem 2, we obtain the non-negativity of the sat-
uration value in the thermodynamic limit.
Theorem 3 (Non-negativity from the strong ETH). We
assume that [HS +HB, HI] = 0, along with Assumptions
1 and 2. For any ǫ > 0,
〈σ∞〉 ≥ −ǫ (41)
holds for sufficiently large N .
Proof. In Eq. (23), δeq vanishes from Lemma 1, and δEI
vanishes from [HS +HB, HI] = 0.
We note that Theorem 3 is valid as long as its assump-
tions are satisfied, regardless of the initial state of the
bath. When commutator [HS+HB, HI] is not equal to 0,
an negative error term −βδEI defined in Eq. (24) is just
added to the right-hand side of inequality (41). However,
βδEI is expected to be small for some cases, as will be
numerically demonstrated in Sec. V.
We have not mentioned the size dependence of the er-
ror term in inequality (41), which generally depends on
the nontrivial scaling in inequalities (34) and (36). We
will numerically show in Sec. V that 〈σ∞〉 becomes non-
negative without error, even with a bath of 16 sites.
By combining the saturation of the entropy production
(Theorem 1) with the non-negativity (Theorem 3), we
find that
〈σ(t)〉 & 0 (42)
holds for a typical time t. This inequality represents the
second law of thermodynamics at late times for general
initial states. We note that our theory implies a stronger
statement than just the non-negativity of the entropy
production: it saturates at a non-negative value.
C. Non-negativity from the weak ETH
Non-negativity of the saturated entropy production
can also be shown by using the weak ETH [33, 37, 38]
7instead of the strong ETH. In fact, if the initial state has
a sufficiently large effective dimension, we can prove the
initial-state independence of ωS.
In the present context, we formulate the weak ETH as
the following large-deviation type bound.
Assumption 3 (Weak ETH). We say that the total sys-
tem satisfies the weak ETH, if for any ǫ > 0, there exists
a constant γǫ > 0 such that
Probj∈MuN,∆ [DS(|Ej〉〈Ej |, ρ
mc)] > ǫ] < e−γǫN , (43)
where Probj∈MuN,∆ [· · · ] represents the probability in the
uniform distribution on the set of the energy eigenstates
in the energy shell.
This form of the weak ETH has rigorously been proved
for general lattice systems with translation invariance,
including integrable systems [22, 37]. We note that the
proof in Ref. [22, 37] has been presented with the choice
of the energy shell M ′U ′,∆′ = {j : U
′ − ∆′ ≤ Ej ≤ U
′}
with ∆′ = O(N), while it is straightforward to generalize
the proof to the case of our choice of the energy shell
MuN,∆. Under the weak ETH, a sufficient condition for
the initial state independence is that the initial state has
an exponentially large effective dimension:
Assumption 4 (Large effective dimension). We assume
that for any ǫ, ǫ˜ > 0, the effective dimension of the initial
state ρS(0)⊗ ρB(0) satisfies
Deff >
DmcB e
−γǫN
ǫ˜
(44)
for sufficiently large N .
Then, we evaluate the local trace distance between the
diagonal ensemble ω and the microcanonical ensemble
ρmc.
Lemma 2 (Initial state independence from the weak
ETH). Under Assumptions 2, 3, and 4, for any ǫ > 0,
DS(ω, ρ
mc) < ǫ (45)
holds for sufficiently large N .
Proof. From Assumption 2, DS(ω, ω˜) vanishes in large N .
By using the Schwarz inequality and Assumption 3, we
have for any ǫ > 0,
DS(ω˜, ρ
mc) < ǫ +
√
DmcB e
−γǫN
Deff
. (46)
Therefore, by using Assumption 4, we prove Lemma 2.
Lemma 2 means that the diagonal ensemble is locally
thermal if the initial state has the exponentially large ef-
fective dimension. Then we can prove the non-negativity
of the saturation value in the same manner as is the case
for the strong ETH.
Theorem 4 (Non-negativity from the weak ETH). We
assume that [HS +HB, HI] = 0, along with Assumptions
2, 3, and 4. For any ǫ > 0,
〈σ∞〉 ≥ −ǫ (47)
holds for sufficiently large N .
We note that the validity of Assumption 4 is highly
nontrivial in practice. On the other hand, an advantage
of the argument by the weak ETH is that it is applicable
to both integrable and non-integrable systems.
V. NUMERICAL SIMULATION
To confirm the validity of our theory, we performed
a numerical simulation by using exact diagonaliza-
tion. As a non-integrable model, we consider a one-
dimensional hard-core bosons with nearest- and next-
nearest-neighbor hoppings and interactions, which sat-
isfies the strong ETH [34]. System S is a single site and
bath B consists of L sites. The annihilation (creation)
operator of a hard-core boson at site i is written as ci
(c†i ), which satisfies the commutation relations [ci, cj ] =
[ci, c
†
j ] = [c
†
i , c
†
j] = 0 for i 6= j, {ci, ci} = {c
†
i , c
†
i} = 0, and
{ci, c
†
i} = 1. The Hamiltonians are then given by
HS = ωc
†
0c0, (48)
HI = −γI(c
†
0c1 + c
†
1c0), (49)
HB = ω
L∑
i=1
c†ici
+
L−1∑
i=1
[−γ(c†ici+1 + c
†
i+1ci) + gc
†
icic
†
i+1ci+1]
+
L−2∑
i=1
[−γ′(c†i ci+2 + c
†
i+2ci) + g
′c†i cic
†
i+2ci+2],
(50)
where ω > 0 is the on-site potential, −γI is the hopping
rate between system S and bath B, −γ and −γ′ are the
hopping rates in bath B, and g > 0 and g′ > 0 are
the repulsion energies. We assume the open boundary
condition. We note that [HS+HB, HI] 6= 0 in this model.
We set the initial number of bosons in bath B by Nb. The
initial state is a product state of system S and bath B,
where the state of system S is given as |1〉 := c†0|0〉, and
the state of bath B is an energy eigenstate |EBj 〉.
Figure 3 shows Deff of the initial state |1〉|E
B
j 〉, which
implies that Deff increases with L at all energy scales.
We note that an energy eigenstate |EBj 〉 is not necessarily
typical in the Hilbert space of the energy shell, and the
amount of Deff is nontrivial. The numerical result in
Fig. 3 suggests that fluctuations of observables around
the diagonal ensemble averages are negligible, and the
entropy production will indeed saturate.
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FIG. 3. (color online) Initial state dependence of the effective
dimensions Deff for the one-dimensional non-integrable model
of hard-core bosons with the bath size L = 8, 12, 16. We
consider the case that bath B is 1/4 filling (Nb/L = 1/4) and
the initial state is a pure state |1〉|EBj 〉. The parameters are
given by ǫ/γ = 1, γI/γ = 1, g/γ = 0.1, γ
′/γ = 0.2, g′/γ = 0.1.
The effective dimension increases with L.
Figure 4 shows the time dependence of the entropy pro-
duction. We set the inverse temperature as β = 0.1, and
choose an energy eigenstate |EBj 〉 such that its inverse
temperature is closest to 0.1 in the energy shell. Here,
the inverse temperature β of |EBj 〉 is given by the solution
of TrB[HB|E
B
j 〉〈E
B
j |] = TrB[HBρ
can
B (β)]. We set param-
eters as L = 16, ǫ/γ = 1, γI/γ = 1, g/γ = 0.1, γ
′/γ =
0.2, g′/γ = 0.1, and γI/γ = 0.5, 1, or 2.
As shown in Fig. 4, the entropy production gradually
increases up to γt ≃ 100, oscillates in the medium regime
100 . γt . 102, and then saturates in the long time
regime γt & 102. This behavior is consistent with The-
orem 1. The saturation value in the long time regime is
positive for all the cases of γI/γ = 0.5, 1, 2. This implies
that the error term in Theorem 3 is negligible in this ex-
ample. The error term is also small in a two dimensional
hard-core bosons with nearest-neighbor repulsion [38].
We note that the saturation value is independent of
the interaction rate, which implies that the interaction
strength affects the entropy production only in the short
time regime. The entropy production is also non-negative
in the short time regime, which is out of the scope of
the present theory, but can be explained by our previous
theorem based on the Lieb-Robinson bound [38].
VI. CONCLUSION
In this paper, we have discussed the second law of ther-
modynamics for general quantum states in the long time
regime. We have proved Theorem 1, which states that
the entropy production saturates for most times [inequal-
ity (16)]. The saturation value (15) is given by the en-
tropy production with respect to the diagonal ensemble
ω. We have then derived the lower bound (22) of the sat-
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FIG. 4. (color online) Time dependence of the entropy pro-
duction with L = 16 and Nb = 5. The entropy production
is plotted against dimensionless time γt, for three interaction
strength between system S and bath B: γI/γ = 0.5, 1, 2. We
set other parameters as ǫ/γ = 1, g/γ = 0.1, γ′/γ = 0.2, g′/γ =
0.1. The initial sate is the product state |1〉|EBj 〉 and the in-
verse temperature of the initial energy eigenstate is β = 0.1.
The entropy production is non-negative in all time scale, and
saturates in the long time γt & 102. We note that the satura-
tion values are almost the same for all the interaction strength
γI.
urated entropy production. If the diagonal ensemble is
independent of the parameters of the initial state except
for the average energy, the obtained bound (22) implies
the non-negativity of the saturated entropy production.
This scenario can be justified by assuming the ETH. We
have shown the initial state independence (Lemma 1) and
the non-negativity of the saturation value (Theorem 3)
under the strong ETH (Assumption 1) and an additional
assumption on the initial energy (Assumption 2). We
have also shown the non-negativity from the weak ETH
(Theorem 4).
Our results have clarified that thermodynamic irre-
versibility can emerge from unitary dynamics of quantum
many-body systems in the long time regime. We empha-
size that, if the initial state of the bath is a pure state, the
fluctuation theorem holds only in the short time regime,
but breaks down in the long time regime [38]. This is
because non-thermal quantum fluctuations of the initial
state affect higher-order fluctuations of the entropy pro-
duction in the long time regime. In contrast, as shown
in the present work, the second law is robust in the long
time regime, because the second law only concerns the
first cumulant (i.e., the average) of the entropy produc-
tion. More detailed investigation of the time scale of
saturation of the entropy production is a future issue.
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Appendix A: Lower bounds of the effective
dimension
We show lower bounds of effective dimensions Deff for
the three cases that the initial state of bath B is the mi-
crocanonical ensemble ρmcB , the canonical ensemble ρ
can
B ,
and a typical pure state in the Hilbert space of the en-
ergy shell. In these cases, the effective dimensions are
exponentially large with respect to the size of bath B.
1. Microcanonical ensemble
The purity of the microcanonical ensemble ρmcB is given
by
Tr[(ρmcB )
2] =
1
DmcB
= e−NBs(u), (A1)
where DmcB is the dimension of the energy shell, NB is
the size of bath B, and s(u) is the entropy density as
a function of energy density u. From inequality (7), we
have the lower bound
Deff ≥
eNBs(u)
DE
. (A2)
Since s(u) approaches anNB-independent function in the
large bath limit [65], we find that the right-hand side of
inequality (A2) becomes exponentially large in NB.
2. Canonical ensemble
The purity of the canonical ensemble ρcanB is given by
Tr[(ρcanB )
2] =
Tr[e−2βHB ]
(Tr[e−βHB ])2
(A3)
= exp [−2βNB(f(2β)− f(β))] , (A4)
where we defined the free energy density by f(β) :=
−(logTr[e−βHB ])/βNB. From inequality (7), we have the
lower bound
Deff ≥
exp [2βNB(f(2β)− f(β))]
DE
. (A5)
Since f(β) approaches an NB-independent function in
the large bath limit, we find that the right-hand side of
inequality (A5) becomes exponentially large in NB.
3. Typical pure state
We randomly sample a typical pure state |ψ〉 from the
Hilbert space of the energy shell of bath B with respect
to the Haar measure. From Theorem 2 of Ref. [15], the
probability that the effective dimension is smaller than
DmcB /4 is bounded from above:
Probψ
[
Deff <
DmcB
4
]
≤ 2 exp(−c
√
DmcB ). (A6)
This inequality implies that the effective dimension of a
typical pure state becomes exponentially large with in-
creasing NB.
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